Following [AGRX], where representations of BS(1, n) by planar orientation preserving homeomorphisms with linear diagonalizable conjugating element was studied, we consider the elliptic and parabolic cases. As an application, we prove that there are no faithful representations of BS(1, n) by toral homeomorphisms with conjugating element the Dehn twist map.
Introduction
The Baumslag-Solitar group BS(1, n) is defined by the presentation BS(1, n) = a, b : aba −1 = b n . This paper deals with the problem of understanding what dynamics are allowed for Baumslag-Solitar group actions on surfaces, following previous work from many people. In trying to understand the nature of the obstructions to the existence of (faithful) actions, it is known that there are not faithful representations of BS(1, n) in Diff 1 0 (S, area) ( [FH] ); that there are no faithful representations of BS(1, n) = h, f by surface homeomorphisms with h a (pseudo)-Anosov homeomorphism with stretch factor λ > n and that there are no faithful representations of BS(1, n) by torus homeomorphisms with h an Anosov map and f area preserving ( [AGX] ). This last result also holds without the area preserving hypothesis if the action is C 1 ( [GL2] ). Following this line of work, we show in this paper that there are no faithful representations of BS(1, n) by toral homeomorphisms with conjugating element the Dehn twist map. This result is in fact a consequence of our study of representations of BS(1, n) by planar orientation preserving homeomorphisms with linear conjugating element. The diagonalizable case was handled in [AGRX] , and we complete that work here by considering the elliptic and parabolic cases.
Throughout this work we let f, h : R 2 → R 2 be orientation preserving homeomorphisms satisfying hf h −1 = f n for some n ≥ 2. We also suppose that the distance from f to the identity map is uniformly bounded, that is, there exists K > 0 such that
Note that this will always be the case if the map f is the lift of a torus map to its universal covering space.
Preliminaries

Notations
Ω(f ) denotes the non-wandering set of f and Fix(f ) the set of fixed points of f . We say that h, f verify the BS-equation whenever hf h −1 = f n . If r > 0, S r denotes the circle centered at the origin with radius r.
Previous results
The following is an easy consequence of the group relation hf h −1 = f n that we will need later on.
Lemma 2.1. Let f, h be such that hf h −1 = f n . Then:
We will make use of the so called Brouwer's fixed point theorem for planar homeomorphisms [Brou] :
A periodic disk chain for f is a finite set U 0 , U 1 , . . . U n−1 of pairwise disjoint topological disks such that f (U i ) ∩ U i = ∅ for all i = 0, . . . , n − 1 and such that for all i = 0, . . . , n − 1 there exists m i such that f m i (U i )∩ U i+1 = ∅ where the indexes are taken mod n.
Let f : A → A be an orientation preserving homeomorphism of the open annulus A = S 1 ×(0, 1), andf a lift of f to the covering spaceÃ = R×(0, 1). We will say that there is a positively returning disk forf if there is an open disk U ⊂Ã such thatf (U ) ∩ U = ∅ andf n (U ) ∩ (U + k) = ∅ for some n, k > O (here U + k denotes the set {(x + k, t) : (x, t) ∈ U }. A negatively returning disk is defined similarly but with k < 0.
The following result is Theorem (2.1) in [F] : 
Elliptic case
Throughout this section, we let
where θ/2π is irrational and f : R 2 → R 2 is a homeomorphism verifying hf h −1 = f n . We prove:
We recall that if r > 0, S r denotes the circle centered at the origin with radius r.
As h is an irrational rotation, the h -backwards orbit of x is dense in S ||x|| which implies S ||x|| ⊂ Fix(f ).
Proof. Note that f n m (0) = h m (f (0)) for all m ≥ 1 by Lemma 2.1 item 1., and f (0) (if different from 0) is recurrent for h as h is an irrational rotation. It follows that f (0) = 0 implies that 0 is a recurrent point for f . Then, by Brouwer's theorem [Brou] , there exists x ∈ Fix(f ).
Proof. Combining the preceeding two lemmas, we may assume that there exists x such that S ||x|| ⊂ Fix(f ). Let r 0 = inf{||x|| : f (x) = x}. If r 0 = 0, it follows by continuity that f (0) = 0. If r 0 > 0, as f preserves orientation, the open disk centered at the origin with radius r 0 is f -invariant, and it is of course h-invariant. So, we have h, f acting on the interior of the disk of radius r and verifying the BS-equation. Identifying the interior of the disk with the plane, and applying again the preceeding two lemmas, we obtain that there exists x 1 such that ||x 1 || < r 0 and that S ||x 1 || ⊂ Fix(f ), a contradiction.
By the previous lemma, both h and f map the annulus A = R 2 \{(0, 0)} onto itself. So, we have h, f : A → A satisfying the BS -equation. Moreover, f | A is isotopic to the identity, as it preserves orientation and both ends of the annulus. LetÃ : R × (0, 1) be the universal covering of A, and let H be the lift of h toÃ that is horizontal translation by θ. Consider the compactification of the plane with a circle of directions and note that f extends as the identity on the boundary of this compactification on account of the bounded displacement hipothesis. So, we may take a lift F : R × (0, 1] → R × (0, 1] such that F is the identity on R × {1}. Note that H extends to R × {1} as translation by θ. We prove next that these lifts F and H satisfy the BS-equation:
Proof. Just note that HF H −1 and F n are both lifts of the same map f n and they coincide over R × {1}.
Proof. We have:
where the first equality is given by the preceeding lemma, and the last one because H is an isometry. To finish, notice that |F H −m (x) − H −m (x)| is bounded as x → |F (x) − x| is continuous, H −m (x) vertical coordinate is constant and F is periodic in the horizontal coordinate.
We will need the following general statement for annulus maps, which is a consequence of Theorem 2.3: Lemma 3.7. Let g : A → A be a homeomorphism of the open annulus A = S 1 × (0, 1) that is isotopic to the identity and such that Ω(g) = A. Suppose that Fix(g) = ∅, let x ∈ A be a recurrent point for g and let G :
Proof. Take U an open disk that is a neghbourhood of x such that f (U )∩U = ∅ and such that p −1 (U ) = ∪ α U α , each U α projecting homeomorphically onto U (here p : R × (0, 1) → A is the universal covering projection). Let k 0 be such that g n k (x) ∈ U for all k ≥ k 0 and letŨ be the connected component of p −1 (U ) containingx. Note that for all k ≥ k 0 there exists l k ∈ Z such that G n k (x) ∈Ũ + l k (the sum is taken over the horizontal coordinate). Moreover, l k = 0 for all k ≥ k 0 because of Theorem 2.4. Let us suppose that l k 0 > 0, the case l k 0 < 0 being analogous. To finish the proof, we will show
Proof. Choose a sequence k i → i +∞ such that h k i → Id uniformly in compact sets. Then, f n k i → f uniformly in compact sets. Moreover, by Lemma 3.6 |F
On the other hand, if there are no fixed points of f in A, then |F n k i −1 (x)− x| must be unbounded by the previous lemma.
is of course h-invariant and we may work with A a,b instead of A and the exact same proof above applies.
We are now ready to prove Theorem 3.1:
If some A α = A a,b = ∅, the previous remark implies that there is a fixed point in A α , a contradiction.
Parabolic case
Denote L = {(0, y) : y ∈ R} the vertical axis.
Proof. Observe that if x and f j (x) belong to L, then
So, f j(n−1) (x) = x, and by the previous lemma f (x) ∈ L.
One deduces:
Lemma 4.3. Let x ∈ L. Then:
which implies f n−1 (x) = x and f j (x) ∈ L for all j because of lemma 4.1. The second item follows directly from Lemma 4.2.
Let C = Fix(f n−1 )∩L = {x ∈ L : f (x) ∈ L}, and let α = sup{|x(f (0, y))| : y ∈ R}, the supremum of the absolute values of the x-coordinates of the points in f (L). Note that α < K. 
Lemma 4.6. C is non-empty.
On the other hand:
When we compare the second coordinates we must have
, we also have
Now, we can choose p ∈ L so that |a| > α/2. This gives a contradiction, since as f (f n k (p)) is in the f -orbit of L, we must have |a k | ≤ α.
Lemma 4.7. C is connected.
Proof. Letf = f n−1 and recall that C = F ix(f ) ∩ L. Suppose that C is not connected and let I be an open, bounded complementary interval. Then, for all x ∈ I, f j (x) / ∈ L for all j because of lemmas 4.2 and 4.3. Then, f j (I) ∩ f i (I) = ∅ for all i = j. However, since ∂I, the boundary of I, is fixed by h (and byf ), we have that there is k such that h kf (I) ∩f (I) = ∅ as h is translation on each vertical different from L (see Figure 1) . Therefore,
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Proof. By the previous lemma C is a closed interval. Moreover, by Lemma
It follows that C ⊂ Fix(f ) as it cannot have periodic non fixed points. 
Aplications to toral homeomorphisms
We will use Theorem 3 in [GL1]:
Theorem 5.1. Let f, h be a faithful action of BS(1, n) on T 2 . Then there exists a positive integer k such that f k is isotopic to the identity and has a lift whose rotation set is the single point {(0, 0)}. Moreover, the set of f kfixed points is non-empty.
If the action is faithful, the group f k , h is isomorphic to BS(1, n). Then, the previous theorem allows us to restrict our study to the case where f is isotopic to identity. Moreover, f has a liftf to the universal covering space such that the rotation set is {(0, 0)} and that Fix(f ) = ∅. We say that f is the irrotational lift for f .
The following lemma was proved in [AGX] . Proof. By lemma 5.2, the action lifts to the plane satisfying the hypothesis of §4. Let then f, h : R 2 → R 2 be such that hf h −1 = f n and h(x, y)
Then, the map g(x, y) = h l (x, y) − (0, m) fixes the vertical line L m/l = {(x, y) ∈ R 2 : x = m/l}. Moreover, gf g −1 = f N , where N = n l because f conmutes with integer translations and h is linear and fixes the y-axis, namely:
Note now that lemmas 4.1 to 4.5 hold also for L m/l as they only use the BS equation and the fact that the conjugating element (g in our case) fixes a vertical line. For Lemma 4.6 there is a minor change in the computation. Let α = sup{|x(f (p))−m/l| : p ∈ L m/l } (so f (L m/l ) ⊂ [m/l−α, m/l+α]×R, and we must prove that α = 0). If p ∈ L m/l and f (p) = (a, b), then:
where (a k , b k ) = f (a, b − kla + km). As f is at bounded distance from identity, one gets |k(la k − 2la + m)| → k 0 and therefore a k → k 2a − m/l. This can be written as a k − m/l → k 2(a − m/l). If α > 0, choosing p so that |a − m/l| > α/2 gives a contradiction with the fact that f (f N k (p)) is in the orbit of L m/l . Now note that lemmas 4.7 to 4.9 also hold for L m/l . As a conclusion, the toral map F must be the identity on each vertical circle, and then by continuity F = Id.
